Quantum theory's Hilbert space apparatus in its finite-dimensional version, except for the so-called exceptional Jordan algebras, is derived from a few simple quantum-mechanically motivated postulates, and options for a physically meaningful potential generalization of this apparatus are discussed.
Introduction
Quantum mechanics needs a complicated mathematical Hilbert space formalism, but does not provide a physically plausible derivation for it. Attempts to derive this formalism including its statistical interpretation from simple and plausible postulates have a long history. The focus changed from the algebraic and quantum logical approaches in the earlier years [7, 14, 16, 20, 24, 34, 36, 37, 39, 42, 43, 44] to the operational and information theoretic approaches in the later years [6, 4, 10, 12, 18, 22, 23, 25, 45] .
The present paper resumes the quantum logical approach, considering an abstract model of projective quantum measurement therein. A major postulate becomes the non-existence of third-order interference. Third-order interference and its absence in quantum mechanics were discovered by R. Sorkin in 1994 [41] and were not known in the earlier years. It has become a matter of experimental and theoretical research in the recent past [6, 5, 11, 19, 21, 31, 33, 38, 40] .
Selecting two further basic features of quantum mechanics as postulates, it is shown that, in the finite-dimensional case, the quantum logic can be represented as the system of idempotent elements in a formally real Jordan algebra; this type of algebra was introduced and classified by J. von Neumann, P. Jordan and E. Wigner [44] .
In doing so, it is come back to the author's earlier and more general results [30] , but the restriction to finite dimensions renders possible to use the postulates of the present paper which are simpler and directly refer to the quantum logic and its states, while the definition of some conditions in Ref. [30] requires first the derivation of some additional structure.
Most recent operational and information theoretic approaches also restrict to the finite-dimensional case. Moreover, they often include only the simple Jordan algebras, although some quantum mechanical applications (e.g., superselection) require the use of non-simple algebras of observables. The approach of the present paper includes the non-simple case.
The postulates are introduced in the next section. After a brief outline of the formally real Jordan algebras in section 3, some auxiliary results are derived from these postulates in section 4. The main result is presented and proven in section 5. Options for physically reasonable potential generalizations of the mathematical apparatus of quantum theory are discussed in the concluding section.
The four postulates
In this paper, a quantum logic shall be an orthomodular partially ordered set L with order relation ≤, smallest element 0, largest element I and an orthocomplementation ′ . It is not assumed that L is lattice, since there is no physical motivation for the existence of the lattice operations for elements which are not compatible, although these operations do exist in the usual Hilbert space quantum logic of quantum mechanics. The so-called covering property isn't used either. Both play important roles in the quantum logical approaches [7, 20, 34, 39, 42, 43] .
The elements of the quantum logic are called propositions. Two propositions p and q are orthogonal, if p ≤ q ′ or, equivalently, q ≤ p ′ A proposition e is called minimal, if there is no proposition q with q ≤ e and 0 = q = e.
Let V denote the linear space of the bounded real-valued functions on L which are additive for orthogonal propositions. A state allocates probability values to the propositions and is an element µ ∈ V with µ(p) ≥ 0 for all p ∈ L and µ(I) = 1.
Suppose a state µ and a proposition p with µ(p) = 0. If one wishes to extend the usual conditional probabilities from standard probability theory to this setting, the minimum requirement is that the map q → µ(q|p), q ∈ L, is a state with
In the following it shall be assumed that such a state exists and that it is unique (i.e. there is only one such state).
This assumption does not hold for many quantum logics, but it does hold for the Hilbert space quantum logic used in quantum mechanics (except for the two-dimensional case) [28] , and it turns out [29] that the above transition from µ to the conditioned state then becomes identical with the state transition of projective quantum measurement (Lüders -von Neumann measurement). On the one hand, this provides a strong quantum mechanical motivation for the above extension of conditional probability. On the other hand, it is quite surprising that a natural extension of the classical conditional probability from the Boolean lattices to the quantum logics considered here brings us to quantum measurement, the behavior of which is far away from any classical conceptions and the source of many well-known interpretational and philosophical troubles with quantum mechanics. That projective quantum measurement is the appropriate rule for conditionalizing probabilities in the non-Boolean quantum logic of quantum mechanics, was already pointed out by J. Bub [8] , and conditional probabilities, although not always defined in the same way as above, were considered already in the early attempts to derive the quantum mechanical formalism [16, 35] , but their existence and uniqueness was used as a postulate for the first time in 2001 in Ref. [28] .
In the case of a minimal proposition e, the state q → µ(q|e), q ∈ L, becomes independent of µ. This state-independent conditional probability shall be denoted by P(q|e). Its values are intrinsic properties of the algebraic structure of the quantum logic and not primarily of its state space; they are invariant under the algebraic automorphisms of the quantum logic. Furthermore, P(q|e) = 1 for any q ∈ L with e ≤ q, and P(q|e) = 0 for any q ∈ L with e ≤ q ′ . Indeed, 0 and 1 are the only values which P(q|e) = 0 can assume in a classical (i.e., Boolean) logic, while any value in the unit interval is assumed in the quantum case.
The minimal propositions in the Hilbert space quantum logic are the lines in the Hilbert space, and the transition probability becomes P(e 2 |e 1 ) = cos 2 θ, where θ is the angle between the two lines e 1 and e 2 [28, 29] . We then have P(e 2 |e 1 ) = P(e 1 |e 2 ). This interesting symmetry featured by quantum mechanics will also become one of the postulates in this paper. Similar symmetry conditions are used in many other studies like for instance [1, 2, 16] .
Moreover, the lines in the Hilbert space represent the quantum mechanical pure states, and the mixed states can be expressed as combinations of orthogonal pure states, which motivates the assumption that the elements in V are combinations of state-independent conditional probabilities generated by some orthogonal minimal propositions. A similar assumption occurs in Refs. [4, 6] ; they do not use the state-independent conditional probabilities, but pure states instead, and postulate the orthogonal decomposition only for the states and not for all elements of V .
A further feature of quantum mechanics is the impossibility of third-order interference, which was discovered by R. Sorkin [41] . Third-order interference is motivated by the consideration of 3-slit experiments and the question whether they involve a new type of interference versus the common 2-slit experiments. It can be expressed with the conditional probabilities in the following way:
where p 1 , p 2 , p 3 are three orthogonal propositions, q is a further proposition and µ a state. Third-order interference means that there are states and propositions making this term non-zero.
The four postulates that the quantum logic L shall satisfy can now be stated in the following way:
(A) There is a state µ with µ(p) = µ(q) for any propositions p = q in L. The (extended) conditional probabilities exist and are unique.
(B) The dimension of V is finite, and each µ ∈ V has the shape,
with some orthogonal minimal propositions e 1 , ..., e m , real numbers r 1 , ..., r m and some positive integer m.
(C) For any two minimal propositions e and f in L, the transition probability satisfies the symmetry condition
(D) Third-order interference does not occur.
In Ref. [6] , the non-existence of third-order interference is combined with a certain symmetry condition, which is much stronger than the symmetry condition for the transition probabilities considered here (C) and which rules out the nonsimple or reducible Jordan algebras (except for the classical case). In Ref. [4] , it is shown that the non-existence of third-order interference is a redundant postulate in Ref. [6] . Regardless of the different frameworks, the present paper takes another approach; keeping the non-existence of third-order interference and using the weaker symmetry condition (C), Jordan algebras can be derived in such a way that the non-simple or reducible ones are included.
Jordan algebras
A Jordan algebra is a linear space A with a commutative bilinear product • satisfying the identity (
A Jordan algebra over the real numbers is called formally real, if x 2 1 + ... + x 2 m = 0 implies x 1 = ... = x m = 0 for any x 1 , ..., x m ∈ A and any positive integer m. In the finite-dimensional case, the formally real Jordan algebras coincide with the so-called JB-algebras and JBW-algebras [1, 17] .
A finite-dimensional formally real Jordan algebra decomposes into a direct sum of simple or irreducible subalgebras, which can be classified by their type I 1 , I 2 , I 3 , ... and which, in the case of type I k with k ≥ 3, can be represented as algebras of the Hermitian k ×k -matrices over the real numbers, complex numbers, quaternions (or octonions only for k = 3) [17, 44] . The product for the matrices x, y is given by x • y := (xy + yx)/2.
Almost all finite-dimensional formally real Jordan algebras have a representation as a Jordan subalgebra of a complex matrix algebra or, equivalently, of the self-adjoint operators on a unitary space. Such a representation is not possible only for the so-called exceptional algebras; these are particularly the algebra, which consists of Hermitian 3×3-matrices over the octonions, and all algebras, which include this one as one of their irreducible subalgebras [17] .
The system of idempotent elements in a finite-dimensional formally real Jordan algebra A without type I 2 summand yields a quantum logic satisfying the above postulates (A), (B), (C) and (D).
In Ref. [28] , it is shown that the unique conditional probabilities exist and have the shape
Moreover, the unique extension of the state µ from the idempotent elements to the whole algebra A, which exists by an extension of Gleason's theorem to Jordan algebras [9, 13] , is used on the right-hand side of the above equation.
The non-existence of third-order interference follows from the special shape of the conditional probabilities. Furthermore, for any two minimal propositions e,f and r ∈ R, it implies that P(f |e) = r iff {e, f, e} = re.
The easiest way to show (B) and (C) is to use the trace [1] , the identity trace({p, q, p}) = trace(p • q) for idempotents p and q, which implies P(f |e) = trace(e • f ) = trace(f • e) = P(e|f ) for minimal propositions e and f (so we have (C)), and the fact that A becomes a Hilbert space with the inner product x|y := trace(x • y), x, y ∈ A. Hilbert spaces are self-dual and the spectral theorem for the formally real Jordan algebras then yields (B). The trace considered here is assumed to be normalized in such a way that trace(e) = 1 for all minimal propositions e; such a trace exists and becomes unique due to this normalization.
To see the link to projective quantum measurement, which was already mentioned above, note that {p, q, p} coincides with the simple operator product pqp in the case of the special Jordan product x • y := (xy + yx)/2 and that
when the state µ is given by the statistical operator a and p, q are self-adjoint projection operators on a Hilbert space.
Auxiliaries
This section presents some simple auxiliary results, which will be used later and require only the first three postulates. The fourth one will be needed later.
Lemma. Let L be a quantum logic satisfying the first three postulates (A), (B) and (C). 
(v) There is a unique state τ on L with τ (e) = τ (f ) for all minimal propositions e and f in L. It is called the trace state and has the shape
for p ∈ L, where e 1 , ..., e n are any pairwise orthogonal minimal propositions with n k=1 e k = I. (vi) The conditional probability in the trace state τ satisfies the identity
for all propositions q and p = 0 in L.
Proof. (i) Let q j be a family of pairwise orthogonal non-zero propositions in L. Due to postulate (A), there is a state allocating a non-zero value to q j , and this state can be conditioned under q j ; thus we get a state µ j with µ j (q j ) = 1 for each j. Then µ j (q i ) = 0 for i = j. Therefore, the states µ j are linearly independent and the cardinality of both families µ j and q j cannot exceed the dimension of V .
(ii) Let e 1 , ..., e l and f 1 , ..., f m be two families of pairwise orthogonal minimal propositions with 
If there is no q 1 ∈ L with 0 = q 1 ≤ p and q 1 = p, the proposition p itself is minimal and we are done. In the other case, consider p − q 1 = 0. Either p − q 1 is minimal and we are done again, or there is a proposition q 2 ∈ L with 0 = q 2 ≤ p − q 1 and q 2 = p − q 1 . This procedure is continued, but must stop after a finite number of steps by (i), since the q 1 , q 2 , ... are pairwise orthogonal (iv) Let 0 = p ∈ L. By (iii), there is a minimal proposition e 1 with e 1 ≤ p. If e 1 = p, we are done. If not, consider p − e 1 = 0 and again apply (ii) to get a minimal proposition e 2 with e 2 ≤ p − e 1 . If e 2 = p − e 1 , we are done again. If not, continue this procedure. By (i), it stops again after a finite number of steps.
(v) By (iv), I is the sum of a finite number of pairwise orthogonal minimal propositions e 1 , ..., e n . Define a state τ by
n . Now assume that ρ is a further state allocating identical values to the minimal propositions. Then 1 = ρ(I) = nρ(e 1 ) and thus ρ(f ) = 1/n for all minimal propositions f . Since all propositions are sums of minimal propositions by (iv), ρ must coincide with τ .
(vi) Let p ∈ L. By (iv), p = m k=1 e k and p ′ = n k=m+1 e k with n pairwise orthogonal minimal propositions e 1 , ..., e n . Then
It shall now be shown that the identities
If q is a minimal proposition with q ≤ p, the right-hand side of the first identity yields
note that τ (q) = 1/n and τ (p) = m/n. The first identity then follows for all propositions q ≤ p, since each such q is a sum of minimal propositions, and the uniqueness of the conditional probability implies that it holds for all propositions q in L. The second identity follows in the same way. We then have for any proposition q in L
Result
Theorem. A quantum logic L which satisfies the four postulates (A), (B), (C) and (D) is identical with the quantum logic formed by the idempotent elements of a formally real Jordan algebra.
Proof. The proof is based on the results in Ref. [30] ; they require the postulates (A) and (D) and the so-called ǫ-Hahn-Jordan decomposition property which immediately follows from assumption (B). Note that the orthomodular partially ordered set L satisfies the slightly more general definition of a quantum logic used in Ref. [30] . Moreover, because of the finite dimension of V , the dual is finite-dimensional as well and the linear subspaces are topologically closed; this is why the different topologies used in Ref. [30] need not be considered here.
The results which will be needed (these are particularly Theorem 3.2, Theorem 11.1 and parts of its proof in Ref. [30] ) are summarized in the following bullet list.
• V is a base-norm space.
• L can be embedded in the dual of V , which is an order-unit space denoted by A, in such a way that A is the linear hull of L, each element of L is positive in A and the order relations on L and A coincide.
• There is an idempotent positive linear map U p : A → A for each p ∈ L ⊆ A such that the conditional probabilities have the shape
for any state µ on L and any proposition q in L. Note that µ ∈ V is identified with its canonical embedding in the second dual V * * = A * here and in the following; because of the finite dimension of V , we actually have V = V * * = A * .
• There is a bilinear operation A × A → A, (a, b) → a b with
• p 2 := p p = p for any p ∈ L and p q = 0 for any two orthogonal propositions p, q ∈ L.
Part (iv) of the above Lemma implies that I is the sum of a finite number of orthogonal minimal propositions; the propositions vary, but part (ii) implies that their number is fixed and is a typical characteristic of the quantum logic L. In the following, let this be n. By part (v), it follows that τ (e) = 1/n for the trace state τ and all minimal propositions e ∈ L.
For any two minimal propositions e and f in L, we get, using the above bullet list for the first equality, part (vi) of the above Lemma for the second equality, and the independence of τ (f |e) from τ for the third equality,
= P(f |e)τ (e) = P(f |e)/n = P(e|f )/n and thus τ (f e) = τ (e f ). Since the minimal propositions generate A, we have
τ (e p) = τ (p e) = P(p|e)/n for any p, e ∈ L with e being minimal.
For any
Due to (B), each µ ∈ V has this shape: There are orthogonal minimal propositions e 1 , ..., e m , real numbers r 1 , ..., r m and some nonnegative integer m such that
for p ∈ L; this means µ = τ a with a = n m k=1 r k e k ∈ A. Now consider τ b ∈ V with any b ∈ A. Then there is some a ∈ A with the above shape and τ b = τ a . For all x ∈ A, it follows that 
This means that the square of each element in A is a positive element in the order-unit space A and that the bilinear operation is power-associative. By Theorem 11.1 in Ref. [30] , the bilinear operation is commutative and A is a formally real Jordan algebra (cf. the proof of Theorem 11.1 and note that, in the finite-dimensional case, the so-called JBW/JB-algebras considered in Ref. [30] are identical with the formally real Jordan algebras). Now assume b = b 2 . Then 
Conclusion
Since, except for the so-called exceptional Jordan algebras, each formally real Jordan algebra with finite dimension has a representation as a Jordan subalgebra of the self-adjoint operators on a unitary space (or, equivalently, self-adjoint quadratic matrices with complex entries), the above theorem comes very close to a derivation of the finite-dimensional case of quantum theory's mathematical apparatus from the four postulates (A), (B), (C) and (D). A different interesting problem is the question which opportunities there are for a physically meaningful generalization of this apparatus. Since the conditional probabilities represent an extension of projective quantum measurement to the quantum logical setting, postulate (A) should be kept. Moreover, it has been shown in Ref. [30] that the non-existence of third-order interference is responsible for the existence of the operation used in the proof of the above theorem, and in Ref. [32] , a close link between this operation and the existence of continuous symmetries (Lie groups) has been elaborated. A potential generalization of quantum mechanics should include continuous symmetries, and this may be an important reason to maintain postulate (D) as well.
Therefore, only the postulates (B) and (C) leave room for a potential generalization of quantum theory's mathematical apparatus. The orthogonality of the minimal propositions e 1 , ..., e m in postulate (B) is a very strong requirement and becomes one candidate to dispense with. The symmetry of the transition probabilities is the other candidate, although it is often taken for granted. Some of the rare cases, where asymmetric transition probabilities were considered in the past, are Refs. [15, 26, 27] .
The continuous symmetry groups of the finite-dimensional simple formally real Jordan algebras cover all the non-exceptional compact simple Lie groups. Only five exceptional ones remain; these are G 2 , F 4 , E 6 , E 7 , E 8 . However, F 4 is also covered, since it is the Lie group of the Hermitian 3×3-matrices over the octonions, and G 2 is the Lie group of the octonions themselves [3] . Therefore, only E 6 , E 7 and E 8 are not related to the symmetries of the formally real Jordan algebras and their associated quantum logics. Dropping postulate (B) or (C) or both may thus provide opportunities to search for quantum logics with an E 6 -, E 7 -or E 8 -symmetry.
